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Abstract

The first purpose of this paper is to set up several enhancements of the Hardy type
inequalities on certain subspaces of the Sobolev spaces. The second aim is to explore
the role of the spherical derivative in such improvements and to prove some weighted
versions of the Hardy inequality with spherical derivative. As applications of our
results, we establish several Hardy’s inequalities and the Hardy inequalities with spher-
ical derivatives on half-spaces.
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1 Introduction

Hardy’s inequalities are one of the most used inequalities in analysis. They have been
studied intensively and extensively in the literature due to their important roles in
many areas of mathematics such as mathematical physics, spectral theory, analysis of
linear and non-linear PDE, harmonic analysis and stochastic analysis. The interested
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reader is referred to the monographs [3,28,31,32,38,40], to name just a few, that are
standard references on the subject.
In this note, we concern the Hardy inequality of the following form in RN N > 3:

1
Let u be in D2 (RV), the completion with respect to ([ |Vu[* dx)? of C° (RV).

Then % e L' (RY). Moreover

/IV Pax = (N2 [, )
u X _— —daX.

-\ 2 |x|?
]RN

RN

2. . . . .
The constant (NT_z) in (1) has been well-investigated in the literature. The fact that

(#)2 is optimal but is never achieved in (1) by nontrivial functions in D'-? (RN )

is well-understood. Also several questions about the possible improvements of (1)
have been raised. For instance, we may ask for the strengthened versions of the Hardy
inequalities where extra nonnegative terms can be added to the RHS of (1). On the
whole space RY, Ghoussoub and Moradifam showed in [28] that there is no strictly
positive V € V1 ((0, 00)) such that the inequality

N —2 2 2
|Vul?dx — | ——= ﬂdx > | V(x])u’dx
2 |x]?
RN RN RN

holds for all u € C§° (RY). However, the situation on bounded domain is different.
Indeed, let £2 be a bounded domain in RY, N > 3, with 0 € £2. Then Brezis and
Vézquez, in order to investigate the stability of sin%ular solutions of certain nonlinear
elliptic equations, proved in [8] that for all u € W), 2 (£2):

N —2\? 2 2
/|Vu|2dx — (T) %dx > 2ol 12|77 / |u|? dx )
2 2 2

where wy is the volume of the unit ball and zg = 2.4048... is the first zero of the Bessel
2

function Jy (z). The constant z%w§ |.Q|_% is optimal when §2 is a ball, yet still not

2
attained in W(;’z (£2). Hence, they also conjectured in [8] that z%a)g |£2 I_% fQ |u |2 dx
is just a first term of an infinite series of extra terms that can be added to the RHS of
(2). The results and questions of Brezis and Vazquez have been investigated by many
authors. See [1,2,4,5,9,11-15,19,20,23,26,29,37,45,47], among others. In particular,
in [25], Frank and Seiringer used the notion of the ground state representations to set
up the following identity that improves, extends and unifies several results about the

Hardy type inequalities:
u
")
2

2
dx.

/V(x)|w|2dx = /W(x)|u|2dx+/V(x)¢2

RN RN RV
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Here ¢ is a positive weak solution of the Laplace equation
—div(V(x) Vo (x)) = W (x) ¢ (x).

See also the recent survey paper [10].

In order to study the Hardy type inequalities with radial weights, in [28], Ghous-
soub and Moradifam introduced the notion of Bessel pairs and proved that if V
and W are positive C!'—functions on (0, R) such that foRmdr = oo and
fORrN_l V (r)ydr < oo and (rN_l v, V-1 W) isa Bessel pairon (0, R),0 < R < oo,
then

/V(|x|> |Vul? dx > /W(|x|)|u|2dx A3)

Br Br

for all u € Cg§°(Bg). Moreover, if (3) holds for all u € Cg°(Bg), then
(rN_l v, crN_IW) is a Bessel pair on (0, R) for some ¢ > 0. Here we say that a

couple of C!—functions (V, W) is a Bessel pair on (0, R) if the ordinary differential
equation

(Vy') +Wy=0

has a positive solution on the interval (0, R). See the book [28] for several examples
and properties of Bessel pair. Actually, it was also showed in [18] that

°(7)

Another way to enhance the Hardy inequality that has received many attentions
recently is to replace the usual gradient enerny | o |Vu|? dx by smaller ones. For
instance, we can use the quantity # := |§—| - V instead of the usual V. It can be noted
that Zu is the radial derivative of u. Indeed, in the polar coordinate, | Zu| = |0,u (ro)|

2
dx. (4)

/V<|x|>|W|2dx _ /W(|x|)|u|2dx+/V<|x|>¢2(|x|>
Br

Br Bgr

2\ 2
while |[Vu| = <|8,u (ro)|> + WSN‘L—Z(“’)‘ . Actually, the radial derivation plays an

important part in the literature. We just mention here the book [42] where the roles of
the radial derivation % in the functional and geometric inequalities on homogeneous
groups have been studied. We also note here that the Hardy type inequalities with
radial gradient have been intensively investigated recently. We refer the reader to
[16,17,27,30,33,34,36,39,41,43,46], for example.

The main motivation of this paper is the augmented versions of the Hardy inequality
in [6,7,21]. More precisely, it was showed in [7,21] that when we consider the functions
u on the orthogonal complement of the space of spherically symmetric functions,
then the optimal constant of the Hardy inequality can be enhanced. Indeed, in [21],
Ekholm and Frank established the following strengthened Hardy inequality and used
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it to study the Lieb-Thirring inequalities for the operator —A — (%)2 # — V for

5 N 2 |M|2
[Vul“dx > | — —dx
2 |x|*
RN N

R

certain potential V:

for all u € C5° (RV) satisfying [sv_iu (ro)do = 0 for all » > 0. This improved
Hardy inequality has been investigated further in [6] where Bez, Machihara and Ozawa
set up a version of the Hardy inequality with spherical derivative to explain for this
phenomenon:

2
/|W|2dx— / |%u)* dx > (N — 1)/wdx
RN RN RN .

forall u € C(‘)’O (RN) satisfying fSN’l u(ro)do =0forall r > 0.

Our first aim of this paper is to investigate the best constants of the Hardy inequalities
on certain subspaces of D'!-? (RN ) More precisely, stimulated by the approach in [44],
we will consider in this article the Hardy inequalities on the spaces N; (§2), j € N,
that are defined as follows: Let u € Cgo (£2). We then extend u as zero outside 2
and may consider that u € Cg° (RN ) Hence, we can decompose u into spherical
harmonics as follows:

w=y =y fi ()¢ (),
k=0 k=0

where ¢ (o) are the orthonormal eigenfunctions of the Laplace—Beltrami opera-
tor with corresponding eigenvalues ¢y = k(N +k—2), &k > 0. We note that
the corresponding components f; are in Cg° (£2) and satisfy f; (r) = O (rk),
)= 0 (r*')asr | 0.In particular

1
¢o(0)=1,co=0and fy (r) = 9B,] /uds.

3B,

Also, for any k € N:

Aug = (Afk () - e ';g”)) i (0).

For j € N, let
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Nj(2)={ueC{(R2):up=...=uj=0}

=ueCP @ u= Y w= Y fi(r)d(0)

k=j+1 k=j+1

Our first goal of this note is to show that the optimal constants of the Hardy type
inequalities can indeed be improved on N; (£2):

Theorem1 Let 0 < R < oo, Vand W be positive C L functions on O,R such that

/V<|x|> VP dx > /W(|x|> ul? dx

Br Br

for all radial functions u € Cg° (Bg\{0}).Then we have that for all u e
Co” (BR\{0}):

/V(|x|)|w|2dx > /V<|x|> Bl dx

Br Br

> /W(|x|) ul? dx )
Bpr

and for allu € N;j (Bg\ {0}):

/V(|x|) VP dx

Br

z/[W(|x|>+<j+1><N+j—1)

Br

v (lxD)

x2

} lu (x)|* dx. (©6)

Note that the assumption in Theorem 1 is that the Hardy inequality holds for radial
functions. Hence (5) can be considered as a symmetrization result of the Hardy inequal-

1ty.
Using the Hardy inequality

N —2\2 2
/ IVul® dx > (—) %dx,
2 |x|
RN RV

we recover the improved Hardy inequality on Ny (R") in [7,21] as a direct conse-
quence of our Theorem 1: foru € Ny (RV) (thatis fqv_1u (ro) do = 0 forallr > 0),

we have
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N —2\2 2
/|Vu|2dx > <—> +(N=1) %dx
2 |x]
RN RN
N 2 |u|2
== —dx. 7
( 2 > Jx? @
RN
Moreover, using the Hardy inequality in the spirit of Brezis and Vazquez:

N —=2\* [|ul?
/|Vu|2dx— (T) L >szN |Br|™W /Iul dx,
Bgr

Bpr

we obtain from our Theorem 1 that for u € Ng (BRr):

2
/IVMI dx <—> %dx szN |Br|™ /Iul dx. (®)

Br

More generally, using the weighted Hardy inequalities with Bessel pair (3), we get
that if V and W are positive C' —functions on (0, R) such that (rV =1V, rN=1W)isa
Bessel pair on (0, R), 0 < R < o0, then for u € No (Bg\ {0}) :

/V(|x|) |Vul? dx

Bgr

/|:W(|x|)+(N— 1) |(||x|)] lu (x) 2 dx. )

Br

Our next purpose is to provide a remainder for the enhanced Hardy inequality (9).
More precisely, we will prove the following result:

Theorem2 Let 0 < R < oo, V and W be positive cl- functions on (0, R).
Assume that (r’\”1 Vv, V-1 W) is a Bessel pair on(0, R). Then we have thatfor all
u e Nj (BR\ {0})

/V(|x|>|w <x)|2dx—f[W(|x|>+<1+1)<zv+]—1) li'| ')}m(xn?dx

Br Br

2
> fV<|x|><o2<|x|> ‘%(  (x) )
@ (Ix])

Br

Here ¢ is the positive solution of

(V@) + W ) o) =0
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on the interval (0, R).

Using Theorem 2, we obtain the remainders of the Hardy inequalities (7) and (8)

as follows:
2
/|Vu| dx ( ) LIin
IXI
2 N
/l - 2 |x| =2 u(x))‘ dxforueN()(R ),

and

Jul? 2 W -2 2
IVul dx — Wd —zgoy |BRITN | |ul”dx
Br

R
Z/JOZ(%M)CD 7 " u (x)
. x|V =2 Jo (38 Ix1)

Let Yu = Vu — |x| Vu) = Vu— (Zu) |§—| Since, Z is the radial derivative,
we can be considered . as the spherical derivative. Also, a direct computation yields

/LS”ul dx_/‘Vu——%u
=/|Vu|2dx—/|%u|2dx.

RN RN

dx foru € Ny (BR) .

Now, we note that on the Sobolev space W' (R"), the constant (%4)2 is sharp in
both the Hardy inequalities

N -2 2
/qu|2dx > (—> '”|2d
2 x|
RN RN
and
N-=2 2
/L%’ul dx > (—) '”|2d
x|
RN

Hence, we could say that on W12 (RN ) the spherical derivative . doesn’t have any

I 2. . .
contribution to the sharpness of (NTz) in the above Hardy inequalities. However,
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the situation is very different on some certain subspaces of W12 (RN ) Indeed, on the
subspace No (RV) of W2 (RV), although we have

2
u
/IVu| dx > (—) %d ,
IXI
it is not true that

2
[ \%u)? dx > <E) —|u|2dx
2 |x|?
RNV RV

In fact, we just have from Theorem 1 that

N —2\* [ |ul?
/ \Zul? dx > <—) '”|2d
2 x|
RN

RN

That means that in this case, fRN |.7ul? dx plays the main role in the improvements
of the optimal constants in the Hardy inequality on Ny (R"). This observation has
been verified in [6] where the authors proved that if u € Ny (R") with

0]

Z fe (1) (9),

then
2
/|,5ﬂu|2dx=(N—1) de
i |x]
o) 2
P kW k-1 [EEDE,
k=2 &l
Br
|u <>|2
N—1
> ( >f o

Our next goal of our paper is to show that this is also the case for the weighted
Hardy type inequalities with Bessel pairs. More precisely, we will set up the following
identities:

Theorem3 Let 0 < R < oo, V and W be positive cl- functions on(0, R).
Assume that (rN’lV, erlW) is a Bessel pair on (0, R). Then we have for all
ue Nj (Br\ {0}) with
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> S )i (o)

k=j+1

that

/V<|x|> Vul dx = /W(|x|> (o) dx

Br
2 2 u @) \|?
+/V(|x|> ul dx+/vux|)go (lxly |2 x
o (Ix])
Br Bpg
and
2. . lu (x)[*
V (Ix]) | ul dx—(J+1)(N+J—1) V(Ix) P dx
Bg
2
+ Z (k—]—l)(N—i-k—f-j—l)/V(l p DI,

k=j+2 ||

Here ¢ is the positive solution of

(V@) W ) o) =0

on the interval (0, R) .

As aconsequence of our result, we get the following Hardy inequality with spherical
derivative: foru € N;j (Bg):

2
f|5ﬂu|2dx>(1+1)(zv+1 1)[| u@OF

More generally, if (rN_IV, rN_1W) is a Bessel pair on (0, R) then for all u €
Nj (Br\{0}):

5 (x)l2
V (Ix]) |Lul dX>(]+1)(N+J—1) V(Ix |> e dx

Br

An interesting phenomenon about the Hardy inequality is that the optimal constant

(NT_Z)2 can be improved on domains having 0 on their boundary. Indeed, it was
showed that for domains with boundary singularity, the sharp constants of the Hardy

2 2 ) .
inequality can be anywhere between (252)” and (5)". Also, if the best constant is
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strictly less than (%)2, then it can be attained. See [22,24,28,35], to mention just a

. . . . 2 . .
few. There exist domains such that the optimal constant is (%) and is not achieved,

such as half-spaces RY = {x eRN i xy > 0}. For instance, in [5,35], the following
inequality has been set up:

N 2 2
/|Vu|2dx > (-) /%dx.
2 |x|
RY

+

Also, it was showed that (Nsz)2 is the optimal constant in the following inequality

(see [35,36], for instance):

N —2 2 2
/ \%u|? dx > (—) %dx.
2 |x]
RY RY

Hence again, the spherical derivative plays the crucial role in the improvement of the
best constant of the Hardy inequalities on half-spaces Rﬁ .

Our last purpose of this paper is to point out a surprising relation between the space
Ny and the Sobolev space on half-space. More specifically, let u € C§° (BR N Rﬁ )
Then we define v (x) = v (x’ , xN) =u (x’ L |xn |). A direct computation yields

/ v(ro)do = f u(ro’,roy)do + / u(ro’, —roy)do

SN-1 SN=1n{oy >0} SN=In{oyn <0}
= / u (ra/, raN) do — / u (ro’, rON) do
SN=In{on =0} SN=Infon =0}
=0.

Hence v € Ny (Bg\ {0}). Therefore, as applications of our main results, we can
deduce several variants of the weighted Hardy inequalities on half-space using our
results about the improved Hardy inequality on Ny. We also obtain some versions of
the Hardy inequality with spherical derivatives on Rﬁ . More precisely, we will prove
the following results using our Theorem 1, Theorem 2 and Theorem 3:

Theorem4 Let 0 < R < oo, V and W be positive cl- functions on (0, R).
Assume that (rN’lV,rN’lW) is a Bessel pair on(0, R). Then we have for all
ueCP (Bg NRY):

V (Ix])

x2

/V<|x|)|vbt|2dxz / [W(|x|>+(zv—1)

BgrNRY BrNRY

:| |u (x)|2dx.
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lu (x)]?

/ V (xD) [ Zuldx = (N = 1) / V(e .
X

BrNRY BRNRY

Our paper is organized as follows: In Sect. 2, we will provide a lemma that plays
the important role in our proofs. Some consequences of our main results will also be
deduced in Sect. 2. The proofs of main results will be given in Sect. 3.

2 A useful lemma and some consequences of main results

We state here a result that plays key role in our approach. Its proof can be found in
[9,16]. For the convenience of the reader, we will provide a proof here:

Lemma 1 Assume that the decomposition of u into the spherical harmonics is u =

Z,fozouk = Z,fio fx (r) ¢ (o) and assume that V is a nonnegative C I function on
(0, 00). Then we have

fv (1x]) Juf? dx = Z/v (1xD) 1 fe (1)1 dx.

RV k=Qen
[ v s i ax = Z/vuw 19 fi (xDI dx
RN k= (ERN
_ fe (XD
V (Ix) [Vul* dx = Z V(xD IV fi (xDI* + eV (Ix]) ~———5— proamled
RN k= (%RN
Proof By polar coordinate and direct computations, we have
/V(|x|>|u|2dx—f / V() ka (r) i <a) rNldrdo
RN 0 gN-1
—Z/V(|x|)|fk (D dx.
k=Qsy
Also
x 2
/V(le)l%’ulzdx = /V(le)‘m-Vu dx
RN RN
00 0 9 2
:/ / V() Z% N ldrdo
0 g1 k=0
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//V(V) N ldrdo

0 gN-1

Z‘SN_I‘/V(r)|fk/(r)|2rN_1dr

Z/vuxn IV fic P

ka () ¢x (o)

Next, we note that

/V(le)uAudx
RN
= f / V() (ka (r) $x (o))
0 §N- k=0
(Z fk”(")+ fk(r)—Ckfk( )>¢k( )> Nldrdo
k=0
=Z\SN‘1]fV(r)fk<r> <fk”<r)+ Lo - kfk(’)) Nldrdo
k=0 0

and
/MVV (|x1) - Vudx

RN
oo

=

_ Z SN 1‘fv ") fo () fL () N \drdo.

/ (Z fi (1) i (o))

o) - Z(fk( r) i (o), fielr )VsN—l(/J)k (G)>:|rN_ldrda

Hence

/V(le) |Vul?>dx = —/uV ~(V (Ix]) Vu) dx

RN RN
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= —/uV(|x|) Audx — /MVV (Jx]) - Vudx

RN RN

‘SN 1‘/|:V(”)fk(") # <r>+bfk’(r)—ck%)]r]v_ldr
V) i) L)

=35 1\/[v<r>!fk(r>y ravo LE |

% 2
- Z/V (XD IV fi (xDI* + eV (Ix) %d}c.
k=

2.1 Some consequences of main results

In this subsection, we list a few augmented Hardy type inequalities as simple conse-
quences of our main results.

o

First, we can check that (r““, (%)2 r“‘1> is a Bessel pairon (0, oo) withg = r~2.

Hence we get the following Hardy type inequalities for u € N; (RV\ {0}):

2
/|x|°‘—N+2|W|Zz [(%) +(j+1)(N+j—1>}/|x|“—N|u(x>|2dx
N

RN

/|x|“*N+2 |<7u|2z(j+1>(N+j—1>/|x|“*N|u<x)|2dx.
RN RN

We also obtain following Hardy type inequalities on Rﬁ foru e Cg° (Rﬁ ):

e mar = [(5) v -1 [ ok ax

RY RY
f Ix|“" N2 | Zu> > (N - 1) f x| Ju ()% dx.
RY RY
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2 2 . .
Next, for R > 0, we note that <r“+1, (%) ret+ %r"‘“) is a Bessel pair on

(0, R) with ¢ = r 3y (%) =rz Jo. g (r). Hence we get the following Hardy type
inequality for u € N; (Bg\ {0}):

/ |x|OZ—N+2 |VM|2
Bg

2
> [(3)2+<j+1><1v+j—1)”|x|°‘*N|u(x>|2dx+%/|x|“*“2|u(x)|2dx.
Bgr

2
Br
Similarly, we also get that for u € C5° (Bg NRY):

/ |X|Ol—N+2|Vu|2

BRﬂRﬁ
o2 N 2 Z(2) N+2 2
=[(&) + V- / el P dx + f N2 |y ()12 dix.
BRNRY BRNRY

It is worthy to mention that we can deduce as many improved Hardy’s inequalities
on N; and on half-spaces as we can form Bessel pairs. The interested reader is referred
to the book [28] where several examples of Bessel pairs are provided.

3 Proofs of main results

Proof of Theorem 1 Assume that the decomposition of u into the spherical harmonics
isu=>3 5 ouk =Y poofk (r) $x (0). By assumption, we have

fvuxn IV fi (xDPdx = /W(|x|> i (XD dox.
Br

RN

Hence by Lemma 1, we have

2 00
/V(M)‘%'V” dx ZZ/VGXDIka (Ix)| dx
RN k:(fRN
z Z/W(|x|)|fk (Ix)|* dx
k:OBR

_ fW(|x|)|u|2dx.
RN
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Now, assume that u € N;. Then we can decompose u into spherical harmonics as
follows:

= Z Z fe (1) i (9).
k=j+ k=j+

By Lemma 1, we get

2
[V(|x|)|W| =y /V(|X|)|ka(|x|)|2+ckV(| p L BDE
Bg k=j+15, x|

We note that by the assumption

fV(IxI) IV fi (xDP dx > /W(|x|> [k (DI dx.
Br

Also, fork > j + 1:

2 2
Br

Br

Hence

[vanivepan= 5 [ w1 e ax

Bg k= /+IBR
2
£y Gy - 1)/V(| p LBDE
L x|
Jj+1
lu (x)|2
W(IXI)Iu(x)I dx+(J+1)(N+J—1) vV (Ix) dx
. . . V (|x]) 2
= [WoD+G+DNN+j-D e lu (x)|”dx.
Br
O

Proof of Theorem 2 Assume that we can decompose u into spherical harmonics as
follows:

w= Y u= Y fi (o).

k=j+1 k=j+1
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We have from Lemma 1 that

2
[V aayvurax = 3 [V G195 a0 + e 'f"|('f2')'

Bg k= /+IB

We note that by the identity (4), we get

fi (1) ) 2

/V<|x|) IV fi (IxD > dx = /W(|x|> | fic (x)I* dx +/V(|x|)¢2(|x|> ‘V ( oD

Br Br Bg

Also, fork > j+1:

2 2

Br

Hence

fvuxn |Vul? dx

Br

2
Z /W(|x|)|fk(|x|)| dx + Z /V(|x|)gp (Ix |)’ <J;<(<||;|l)>>

k= 1+lBR k= j_HBR
2
k=j+1 TR

Now by Lemma 1, we obtain

3 Jwasnis e dx—fW(|x|)|u<x)| dx

k= /—HBR
2 2
Z /v(| NACDI |fk(| |)| /v(| ) Iu(xgl dx
k= ]+1 Bg Ix]
Also by noting that
Z fr (V)¢ @),

¢ @ (r)

k= /+1
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we get from Lemma 1 that

5 i (1x]) 2

Z v xh? x|V (20 N PR P -
oy o (%D J o (%D
Hence

/V(le) Vul? dx

Br

2
z/W(IxI) |u(x>|2dx+(j+1)<zv+j—1)/V<|x|> '”fj;' dx
B
U 2
+fv<|x|><p2(|x|) %(—)
@ (|x])
RN
Equivalently,
/V<|x|>|w|2dx—/[W(|x|>+(1+1><N+J—1> |('| ')]m( 2 dx
Bpr Br
2
z/v(lxl)wz(lxl) %(ﬂ>
o (Ix])
O

Proof of Theorem 3 Assume that we can decompose u into spherical harmonics as
follows:

u= Y ug= Y fi()¢(0).
k=j+1 k=j+1

We have from Lemma 1 that

2
fV(|x|)|Vu|2dx— Z /v<|x|>|ka(|x|)|2+CkV<| ) 'f"f'le)'

Bg k= ]+IBR

We note again that
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fv (xD IV fi (x| dx

Br

f (|x|)> 2
o (Ix])

_ /W(|x|) | fe (D 2 dx ~|—/V(|x|)<p2(|x|) ‘V(
Bpr

Br

Hence

/V(|x|> Vul dx

Br
2
Z /W(|x|)|fk(|x|)| dx + Z /V(|x|)<p (x |)' (fkﬂxl)) e
= ]_HB k= ]+lB o (Ix])
2
N Z qu LA
k=j+1 Br | |
-y /W(|x|)|fk<|x|>|2dx+ 5 /V(|x|)<p (x |)'%(fk<||X|l>)
k=itlg, k=j+1g, (Ix1)
N Z /vu ) |fk<|x2|>|
k=j+1 Br | |

Using the fact that

u_ Z fk(r)d’k(ﬂ)
¢ W Se®

and applying Lemma 1, we get

/V(|x|>|w|2dx - /W(|x|>|u<x>|2dx

Br Br

2 2
Z /V(| D 'f"("")' dx +fV(|x|><p (Ix) ‘%’(”5’%)

k=j+1 p

Bgr

Now, we recall the following identity in [17]:

/V(|x|) |%u|* dx — fW(|x|) lu (x)]* dx
Bpr
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2
= fV(|x|>go2<|x|> ‘%( u (x) )
@ (Ix])

Br

Asa consequence

/V (Ix]) 1.7 ul* dx

Br

_ /v (x]) [VuP dx — /v (Ix]) |12l dx

Br B

Z Ck/V(| ) | fi (IXZI)I

k=j+1 Br x|

=(G+DIN+j-1 Z /V(| ) |fk(|x2|)|
k=j+13, x|

k=j+1

(J+1)(N+j—1)/V(| D (|;|

2
+ Z (k—]—l)(N+k+J_1)/V(| ) |fk|(|f|)|

k=j+1

Hence, we get

/V(IXI) |Vul* dx

Br

/W(IXI)IM(X)IZdX+/V(IXI)Iyul dx

Br

+/V<|x|)<o2<|x|) ‘%( u ) )
¢ (<)

Br

and

/V(IXI) | ul* dx

Br

2
+ Z (Ck_(]+])(N+]_]))/V(| ) |fk|(||x2|)| dx
R
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lu (x)]?
|x|?

=<j+1><N+j—1>/V<|x|> dx
Br

- 2
+ ) (k—j—l)(N+k+j_1)/V(|x|) fi dxDI”
Bg

2
k=j+1 x|
O
Proofof Theorem4 Let u € C{° (Bg NRY). We define v(x) = v(x,xy) =
u (x/, IxN|). Then
/ v(ro)do = / u (ra’, I‘O'N) do + / u (ro/, —raN) do
SN-1 SN=In{on >0} SN=In{oy <0}
= u (ro/, }"GN) do — u (ra’, roN) do =0.
SN=In{on >0} SN-1In{oy >0}

Hence v € Ny (Bg\{0}). As a consequence, by Theorem 1 and Theorem 2, if
(rN_1 v, V-1 W) is a Bessel pair on (0, R), then

/V(|x|) |Vol|* dx

Br
v
> / [W(|x|)+(zv— D %} v () dx.
X
Bpg
On the other hand,
/V(|x|)|Vv|2dx:2 f V (Ix]) |Vul? dx
Bg BRQRQ

and

V (Ix])
|x|?

/ [W (IxD) + N =1

Br

] lv (x)|* dx

=2 / [W (xh) + (N = 1) %} Ju () dx.

BRﬂRﬁ
Hence, we deduce

vV (Ix)
|x|?

/V<|x|>|w|2dxz f [W(|x|)+<zv—1>

BRQRQ BRQRQ

} lu (x)|* dx.
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Now, by Theorem 3, we obtain

2
X
Br Br

A direct computation yields

/V(|x|)|<7v|2dx:2 f V (Ix]) |.#v|* dx.

Br BRﬁRﬁ

Hence, we deduce

2
/ V (x| 7ul dx > (N = 1) f v (lxl) —'”l(’g' dx.
X
BrNRY BRRY
O
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